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ABSTRACT

We study the question of entropy stability for discrete approximations to
hyperbolic systems of conservation laws. We quantify the amount of numerical
viscosity present in such schemes, and relate it to their entropy stability by means
of comparison. To this end, two main ingredients are used: the entropy variables
and the construction of certain entropy conservative schemes in terms of piecewise~
linear finite element approximations, We then show that conservative schemes are
entropy stable, if they contain more numerical viscosity than the above mentioned

entropy conservative ones,

1. THE ENTROPY VARIABLES

We consider semi-discrete schemes of the form
d 1
@O T wme ey, oy D

which are consistent with the system of conservation laws

9 9

T + ey [f(uw)] = 0, (x,t)ERX[Q,») (2)
Here, f = f(u) = (fl,...,fN)T is a smooth flux function of the conservative
variables u # u(x,t) = (ul,...,uN)T, uv(t) denote the discrete solution along

the gridline (xv’t) with axv E % ( ) being the variable meshsize,

vl T Fy-1
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and f V is the Iipschitz continuous numerical flux consistent with
differential one(l)

£4 VZ— f(“v-p+l’°°"“v+p)’ f(u,u,..,u) = f(u). (3)

We are concerned here with the entropy stability guestion of such schemes. To

this end, let (U = U(u), = F(u)) be an entropy pair associated with the system
(2), such that

UE =, U > o, (4)

We ask whether the scheme (1) is entropy stable w.r.t. such pair, in the sense that
it satisfies a discrete entropy inequality of the form

d 1
Ty U(U\,(t)) + A—>;; [F\)+ 1/2- Fo_ 1/2] <o, (5)

with being a consistent numerical entropy flux

F\)+ 1/2

Fv+-U§. F(“v-p+1”"’“v+p)’ Flu,u,...,u) = F(u). (6)

If, in particular, equality takes place in (5), we say that the scheme (1) is

entropy conservative. We note in passing that if it holds for a large enough class

of entropy pairs, such a discrete entropy inequality is intimately related to both
questions of convergence toward a limit solution as well as this limit solution
being the unique physically relevant one, e.g. [1], [2], [3]).

Making use of the entropy pair (4), Mock [4] (see also [5]), has suggested the
following procedure to symmetrize the system (2).

Define the entropy wvariables

av

™ (w). N

v = v(u) =

(I)The same notations are used for differential and discrete fluxes; the distinction
between the two is by the number of their arguments.
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Thanks to the convexity of U(u) the mapping u»v is one-to-one. Hence, one can

make the change of variables u = u(v) which puts the system (2) into its equiva-

lent symmetric form

I+ g =0, g = fu(v)). (8)

The system (8) is symmetric in the sense that the Jacobians of its temporal and

spatial fluxes are

HE B =3 ()] >0, Bz B =3 [gW)]. )

Indeed, if we introduce the so-called potential functions

¢ = 6(v) = viu(v) - Uu(v))

(10)
T
Y E P(v) = v g(v) - Flu(v)),
then making use of (4) we find
9
(11)
9
g(v) "% s
and hence the Jacobians H(v) and B(v) in (9), are the symmetric Hessians of
¢$(v) and ¢(v), respectively.
Example 1.1. Consider the Euler equations
1) m
3 3 m2 m2
T3 m +-§ -p—+p = Q, p=(Y-l)-[E-%], (12)
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asserting the conservation of the density p, momentum m and energy E. Harten
[6] has noted that this system is equipped with a family of entropy pairs; Godunov
[7] and Hughes et al, [8] have studied the canonical choice

(= -pS, F=-mns), s = ln(pp V), (13)

which leads to the entropy variables

P - -
v, E + o= (s - vy 1)
v = v - ] m (14)
2 P
vy p

The inverse mapping vy can be found in [8). We call attention to the fact that
the corresponding potential pair in this case is given by (4 = (y - 1)sp,
Y= (y - 1)em), and hence, in view of (11), Euler equations can be rewritten in

the intriguing form [10]

2 9 -
5;-[gradvp] + 55 [gradvm] = 0. (15)

Returning to our question of entropy stability, the answer provided in [9],
[10], consists of two main ingredients: the use of the entropy variables described
above, and the comparison with appropriate entropy conservative schemes. To this
end we proceed as follows.

We use the entropy variables-~rather than the conservative ones—-as our primary
dependent quantities, by making the change of variables u, = U(vv)’ e.g., f[1l1},

[12). The scheme (1) is now equivalently expressed as
ue) =-L - g,_1) u, = ulv () (16)
dt v bx,, By 1y~ By 1y v v ’

with a numerical flux
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gv+~U§' g(vv_p+l,...,vv+p), ZlosasVynes) = flaeu,ul(v),,.l), (17)

consistent with the differential one

g(v,9,004,v) = g(v), g(v) = f£(u(v)). (18)

Defining

T
For 1y = VosrBur Iy~ 00040005 (19

then multiplication on the left of (16) by vz gives

d 1 1 T
qe V() = TRy 1= B i) = 18V 1 Bup 1y~ Bhyp )
v v (20)

va+1/2E q’(vv+l) - q’(v\:)’

In view of (10), Fv+ y
to (e.g., [13], [9, Theorem 5.2])

is a consistent numerical entropy flux, and this brings us

Theorem 1.2: The conservative scheme (16) is entropy stable (respectively,

entropy conservative), if the following inequality (2la) (respectively, equality
(21b)) holds

T
LA 1/2gv+ 1/2_<_ LN ly» (21a)

T =
Av . l/zg\)+ 1/2—- Ay, Y, (21b)

2, THE SCALAR PROBLEM
We discuss the entropy stability of scalar conservative schemes, N = 1,

Defining
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Q.1 = Fluy) + Floy) = 284 Yy Av. 1 =V - (22)
’

v+ Avv+LQ vt i vl v

then our scheme recast into the more convenient viscosity form

dou () = = o [E(u,, 1) = €Cu,, )] + o [Q,, 1AV, 1, - Avy_ 1) (23)

T Yy 2%, a1 v+l 2wy Qo 15V 1 T Q- gV 1y

thus revealing the role of Q\)+ 1/2 as the numerical viscosity coefficient [14].
According to (21), the scalar entropy conservative schemes are uniquely

*
determined by g\H_ 1/2 = g\H_ 1/2 where

* AY 1 1
- _vth, - A . 24
Bor 1y ™ W01, " Ly B0 (8098 Vo 8D vy BB (24
Writing
* -}d—( Y e 104 (25)
g"+1/2 £20 e £ 5 g V\M_I/ZE £,

and integrating by parts, these entropy conservative schemes assume the viscosity

*
form (23), with viscosity coefficient Qv+ ;/2= Qv+ 1/2 , where

1
*
Q1= gf=0 (28 - 1) &7(v,, (6. (26)

We are now ready to characterize entropy stability, by comparison with the above

entropy conservative schemes.

Theorem 2,1: The conservative scheme (23) is entropy stable, if it contains

more viscosity than the entropy conservative one (26), i.e.,

*
Qo 1455 Oy (27

Proof: Multiplying by A on both sides, the inequality (27) reads

v\’*'- 1/2
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*
AVor 1y Qo 1 AV0n 1 S 8V 1 Q1 BV04 1y (28)

or equivalently, consult (22),

*
Av . l/z[f(u\)) + f(uv+1) - 2gv+ 1/2] < Av . 1/2 [f(uv) + f(uv+l) -2, 1/2]. (29)

In view of (24), this yields

*
Av\,.'. 1/2 g\,.'. 1/2,_<_ AV\H, 1/2 g\,.'. 1/2 = A‘P\,.,. 1/2 ’ (30)

and entropy stability follows by Theorem 1l.l.

*
We note in passing that the entropy conservative viscosity, Qv+ . is of

order O(|Avv+ 1/4), and consequently the entropy conservative schemes (24) are

second order accurate. Indeed, change of variables £ + 1 - in (26) yields

1
*
Q\H. 1/2 = J’

o (BD (e, 3D

and by averaging of (26) and (31) we find

* 1 1,
Uy 1y, = ELO &-1) - “£O T & [V, 1 {8) + (mn) v 1 (1-E) Jdndg =

(32)
1 L <2 1
=2 [ G-V [ gy, 1/2[En + (1-£)(1-n)])dndg « Av I+
E=0 n=0
as asserted. Second order accuracy then follows in view of
Lemma 2.2: Consider the conservative schemes (25) with viscosity
Q41
coefficient Q.17 » such that ..‘_’i.../Z. is Lipschitz continuous. Then these
—_— v — Ay, 1/2

schemes are second-order accurate, in the sense that their truncation is of the
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order

Ollx,,, = x 1%+ Ix, ~x,_ [* + | (33)

- 2X 4 X
v V- v

o+l v-l'l'

The proof of Lemma 2,2 is straightforward and therefore omitted.
Theorem 2.1 together with Lemma 2.2 enable us to verify the entropy stability
of first— as well as second-order accurate schemes. We consider a couple of

examples.

Example 2.3: Using the simple upper bound, see (32),
QL 1 < L Max (g7 ()| |av (34)
v+ 1 2 F TE 1B v+lﬁ§’

we obtain, on the right of (34), a viscosity coefficient which according to Theorem
2,1 and Lemma 2.2 maintains both, entropy stability and second-order accuracy.
Similar viscosity terms were previously derived in a number of special cases, e.g.,
[15], [16], [17]. We remark that the careful lengthy calculations required in those
derivations is due to the delicate balance between the cubic order of entropy loss

and the third-order dissipation in this case.

Example 2.4: Consider the genuinely nonlinear case where f(u) 1is, say,
convex, The quadratic entropy function, U(u) = % u2, leads to entropy variables
which coincide with the conservative ones, g(v) = f(u). Thus, according to (32),
viscos:ty is required only at rarefactions where Au\’+ V2> 0, since
sign(Q\,+ V} = 313“(A“v+142 <0 otherwise., A simple second-order accurate entropy
stable flux of this kind is given by

1
f(—2- (u + u

v wi1)) Bugy Iy >0

f\)+ 1/2— . (3%

% (£Cu)) + £(u A <0

vi1)) Yot Iy

3. SYSTEMS OF CONSERVATION LAWS
We generalize the construction of the scalar entropy conservative schemes (24),

to systems of conservation laws, using piecewigse linear finite-elements.



60

To this end, consider the weak formulation of (8)

[
§

T
g—t [u(v)]dxdt = gfzg—:’; g(v)dxdt, (36)

Let the trial solutions wrw(x,t) = }:k wk(t) Hk(X) be chosen out of the typical

finite~element set spanned by the c® “hat functions"

X =%
-1

—_— X < x <

X T X k-1 = * 2 %k

HR(X) = . 37
X - x
k+1
LS S, < x <
Terl T Ty =2 Her

The spatial part on the right of (36) yields~-after change of variables,

*y+1 af{v(x) n v+l ”
—55— 8lvix,t) = I v (OB (0)]dx =
X\’_l v=1 (38)
1 1
= -[gio 8y, 1/{6))dE - 5{-0 glv,_ 1 {E0)dET, v 1y(B) = v, + EAv 1, .
A second-order mass lumping on the left of (36) leads to
o+l ~ 3 « v+l 5 2
xf B (x) 5= ulv(x,t) -vglvk(t)ﬂk(x)] = bx wo [u(v (£))] + 0Clav, 1/4 ) 39
V-1

Equating (38) and (39) while neglecting the quadratic error terms, we end up with,
compare (24},

1
1 * * *
PR - = dg. 40
£ () Bx, lys 1y~ By s Bur 1y 5{-0 B(vy4 {8 0

qx'm

The resulting scheme (40) is entropy conservative since, consult (11),

T . 1 Yol o
vy Y, o+ 1) = 5";0 bvys I, glv, + v, 1/2)d£ AR Sl By Iy » 41

v
v
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in agreement with Theorem 1.2, Integration by parts along the lines which follow
(25) shows that the entropy conservative schemes (40) can be also rewritten in the

viscosity form

d -1 , 1 -
FrA i 7K§: (ECuy,)) = fluy DT+ ?K?: [Qv+-V2Avv+ Iy, Qv-]ﬁ?vv- Vf (2)

*
with a numerical viscosity coefficent matrix, Qv+ Uég Qv+lb , Wwhere

* 1 )
Qs lyy~ Eio (2% = DBy, 1y, (D), B(v) = 5= [a(M)]. (43)

Once the entropy conservative schemes were identified for systems of conservation
laws, we can repeat our previous arguments concerning the entropy stability of (42);

in analogy with Theorem 2.1, we now have

Theorem 3.1: The conservative scheme (42) is entropy stable, if it contains

more viscosity than the entropy conservative one (40), i.e.,

T % T
V0 1y Qo 175 8¥04 175 £ AV 1 Qi 1304 g (44)
If, 1in particular, Q is symmetric, then a sufficient entropy stability
v+ 1/2
criterion is
. (45
Q\)‘" 1/25' Q\""‘ 1/2 ’ )

where the inequality is understood in the usual sense of order among symmetric

matrices.

Example 3.2: Consider the conservative scheme (42) with a numerical vigcosity
coefficient given by

1
Qu+ 1/2% €£O |B(Vv+1/2(5)|d5. (46)
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Here the absolute value of a symmetric matrix is evaluated in the usual fashion from

*
its gpectral representation, B = U AU,

*
IBCv,, yEN| = vy, 1/?}{5))511(‘:% y{EN Uty y{EN- (47)

Since

(2=DACvy, 1)(6D) < FICAN yfEN|s (48)

(45) holds and entropy stability follows.

Away from sonic points, (46) amounts to the usual upwind differencing, e.g.,
[18]., 1In the neighborhood of such sonic points, however, an exact evaluation of
Q\’+ Ué in (46) may turn out to be a difficult task, Yet, in view of Theorem 3.1,
one can use instead simpler upper bounds. In {10] this is achieved using the
constraction of a whole family of entropy conservative schemes which take into

account the characteristic directions associated with the system (2).
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